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The positive numbers x, satisfy the relation

X X,+5, forn=1,2,3, ...

n+l —

As n—>ow, X, —>1.
(i)  Find (in either order) the value of | to 3 decimal places and the exact value of I.
(iiy Provethat (x,,,)" =1 =x, 1.

(iif) Hence, show that if x, >, x, > X, >1.

n+1

Solution
(i) Sincewhenn — o, x,— land also Xp+1— |

Hence, the recurrence relation x,,, = (x, +5)"* tends to I =(1+5)
= I’—(1+5)=0
= I?’-1-5=0

N Izli,/1—4(—5)
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(i) (%) —1P=(%+5)—(1+5).= x, I (proved)
(iii) X, > 1 = x,-1>0.
= (xn+1)2—lz>0
= (X +1)(X,,—1)>0
= (X —1)>0 - (x,,—1)>0
= Xy >
(%) 12 = x, —|
= (X + D) (X =1) = %, =1
X, —I
= (Xn+1_|) = Xnil+| < Xn_l (".(Xn+1+|)>l)
= Xn+1 < Xn

S Xy > Xy > |

n+1
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A sequence of positive real numbers x,, X,, X,,... satisfies the recurrence relation

[2]

[2]
[2]

3X,
Xn+l R e
,f2+ X,
for n>1.
(i)  Giventhatasn— o, X, — a, find the exact value of o.
(i) Show that this sequence is
(@) strictly increasing for 0 < x, <a,
(b) strictly decreasing for x, > o..
Solution
(1) Asn—o, X —>a &X , —>o
S S 9o
J2+a 2+a
= o’ (2+a)-9%* =0
=a’(a-7)=0=a=00ra=7.
Thuso =7since o > 0.
(ii) Method 1 [Graphical]

« 3X,
1 —_ = —
n+. n yz + Xn n

Sketchy =X, —X, =

X,

J2+x, T

N

From the graph:
For 0<x,<a: X, =X, >0=X

> X,

n+1

Therefore the sequence is strictly increasing.

For x, >a: X, —X, <0=X ,, <X,

n+1

Therefore the sequence is strictly decreasing.

[Shown]




Method 2 [Graphical]

3X
X, Sketch y'z X&Y= \/m‘
xn+l<_|:ﬂ: i
e

From the graph:
For O<x, <o : X, 4 > X,

Therefore the sequence is strictly increasing.

For X, > i X, <X,
Therefore the sequence is strictly decreasing. [Shown]

Method 3 [Algebraic]

33X =X ,/2+x
3Xn X = n n n

T J2rx, T J2+ %,

~ xn(3— 2+xn)

2+ X

n

For 0<x, <o:

J2+x, >0,x, >0&8=2+x, >0since2+x, </9=3

Thus: X ., —X, >0=Xx_, > X,
Therefore the sequence is strictly increasing.

For x, >a

J2¥x, >0,x,>0& 3—,[2+x, <0since/2+x, >+/9=3

Thus: X,,, —X, <0=X_, <X,
Therefore the sequence is strictly decreasing. [Shown]




